We have developed a Hauser-Feshbach fission fragment decay model, HF 3 D, which can be applied to the statistical decay of more than 500 primary fission fragment pairs (1,000 nuclides) produced by the neutron induced fission of 235 U. The fission fragment yield Y (A) and the total kinetic energy TKE are model inputs, and we estimate them from available experimental data for the 235 U(n th ,f) system. The model parameters in the statistical decay calculation are adjusted to reproduce some fission observables, such as the neutron emission multiplicity ν, its distribution P (ν), and the mass dependence ν(A).
Introduction
Thermal neutron induced fission, such as the 235 U(n th ,f) or 239 Pu(n th ,f) reactions, produces roughly 800 primary fission fragments 1 . Since these fission fragments are highly excited, they de-excite by emitting several prompt neutrons and γ rays to reach their ground or metastable states within a time-scale of compound nucleus in the fission process. The independent fission product yield Y I (Z, A), which is a distribution of nuclides after emission of the prompt particles but before beta decay, plays an important role in many applications such as estimation of decay heat [2] [3] [4] and delayed neutron emission 5, 6 in nuclear reactors, the reactor neutrino study 7 , prediction of fission product inventory at each stage of the nuclear fuel cycle, the radio-isotope production for medical applications, development of advanced reactor and transmutation systems, fission in the galactic chemical evolution 8 , and so on. A demand for high quality data of fission product yield (FPY) in such applications is rapidly increasing. New applications may require accurate FPY data at several neutron incident energies, while the current evaluated FPY data files contain only three energy points; the thermal, fast and 14-MeV incident energies, with an exception of the 239 Pu file in the evaluated nuclear data file, ENDF/B-VII.1 9 , where two energy points (0.5 and 2 MeV) are given in the fast range 10 .
Significant efforts have been made to compile the FPY experimental data and evaluation for the nuclear data libraries in the past. England and Rider 1 evaluated the FPY data for 60 fissioning systems in 1994, and released their results as part of ENDF/B-VI.
They calculated Y I (Z, A) by combining the evaluated mass chain yield and the charge distribution in the most probable charge (Z p ) model proposed by Wahl 11 . The FPY eval-uation in Japanese Evaluated Nuclear Data Library (JENDL/FPY-2011) 12, 13 followed the procedure of England and Rider, and these FPY data were upgraded by including new experimental FPY and making it consistent with the updated JENDL decay data library (JENDL/FPD-2011) 12 .
The isomeric ratio data in both libraries are estimated by introducing the Madland and England (ME) model 14, 15 , whenever the isomeric ratio is experimentally unknown.
Relative population of the isomeric and ground states in a fission product (after prompt neutron emission) is calculated by looking at the difference in their spins. An even-odd effect in the fission products is also considered. While this model is widely used in the current libraries, recent advances in the fission model together with the statistical HauserFeshbach decay 16, 17 could also be able to improve the evaluation of FPY data.
Despite many theoretical studies on fission that have been made in the past, prediction and reproduction of all the fission observables in a consistent manner are still challenging. A modeling of de-excitation of fission fragments requires many physical quantities 18 that define an initial configuration of the fragment decay, such as the fragment excitation energy, spin-parity distribution, and (Z, A) distribution of primary fission fragments. The model predicts prompt particle emission probabilities and multiplicities, and Y I (Z, A)
simultaneously by integrating over the distribution of initial configurations. Instead of performing the integration, several Monte Carlo (MC) tools have been developed to calculate the fission de-excitation process and to reproduce these observables [18] [19] [20] [21] [22] [23] . Although the MC technique gives correlations in the prompt particle emissions in fission, and it facilitates experimental data analysis by emulating directly the measurement set-up, its lengthy computation makes it difficult to fine-tune their model parameters. In addition, when a probability of fission fragment production is extremely small, the MC technique never samples such a case in a reasonable computational time. Because FPY varies in the order of magnitude, e.g. typically from 10 −12 to 10 −2 given in the evaluated files, the MC technique is not an efficient method to be adopted in the FPY evaluation, and one has to migrate to a deterministic method, in which all the possible fission fragments can be included.
Our approach is to develop a new method to evaluate Y I (Z, A) by applying the deterministic technique for the primary fission fragment decay. The outline of our method is similar to our past study 16 The experimental data of average prompt neutron multiplicity ν, its distribution P (ν), the mass dependence ν(A), and the total kinetic energy (TKE) are taken into account to constrain our model parameters. A dynamical treatment of fission process such as the Langevin model [24] [25] [26] [27] [28] [29] or a random walk technique [30] [31] [32] is able to provide some of our inputs such as TKE and/or Y (Z, A) distribution. These dynamical models could be used when their predictive capability meets required accuracy of the evaluated FPY data. At this moment we stay on a phenomenological approach and rely more on the available experimental data for practical purposes. Once the model parameters in HF 3 D are fixed to the thermal neutron induced fission data, we extrapolate our calculation up to the threshold energy of the second chance fission. The energy dependence in FPY and isomeric ratio is thus calculated.
Modeling for Statistical decay of fission fragments

Generating fission fragment pairs
In the HF 3 D model, we apply the statistical Hauser-Feshbach theory to the fission fragment decay process, in which a competition between the neutron and γ-ray channels is properly included at all the compound decay stages. Instead of employing the MC technique to the Hauser-Feshbach theory 18, 19 , HF 3 D numerically integrates the emission probabilities over the distribution of fission fragment yield, as well as the distributions of excitation energy, spin and parity in each fragment. Although this deterministic method loses information on the correlated particle emission 23 , it allows us to include a lot of fission fragment pairs that could have a tiny fission yield and never been sampled by the MC technique. This is particularly important for studying the production of radioactive isotopes 17 .
We assume that the fission fragment mass distribution Y (A) is approximated by five Gaussians,
where σ i and ∆ i are the Gaussian parameters, the index i runs from the low mass side, and the component of i = 3 is for the symmetric distribution (∆ 3 = 0). 
where l, h and CN denote the light, heavy fragment and compound nucleus, respectively.
We abbreviate this by Y k , where k stands for the k-th fission fragment pair of (Z l , A l )-
Setting the lowest mass number A min to 50, A max = A CN −A min = 186 for the n + 235 U case, there will be more than 750 pairs of light and heavy fission fragments, namely more than 1,500 fission fragments. The energy conservation -the sum of the total excitation energy TXE and the total kinetic energy TKE cannot exceed the reaction Q-valuereduces the number of possible pairs. We fit a simple analytic function 
and TXE is calculated as
where E inc is the incident neutron energy in the center-of-mass system, and B n is the neutron binding energy of the target, and M n represents the nuclear mass. When TXE becomes negative, we eliminate such pairs.
Hauser-Feshbach approach to the fission fragment decay
In the deterministic method, physical quantities that can be compared with experimental data are given by a fragment-yield weighted sum of the calculated results. For example, the average number of prompt neutrons ν is calculated as
where N is the total number of fragment pairs, and the neutron multiplicities ν 
where R(J, Π) is the probability of nucleus having the state of spin J and parity Π, and
is the distribution of excitation energy. They satisfy the normalization condition
For the spin and parity distributions we follow our previous work 16 , in which the spin-parity population distribution is expressed by
where the parity distribution is just 1/2, σ 2 (U ) is the spin cut-off parameter, U is the excitation energy corrected by the pairing energy ∆ as U = E x − ∆, and f is a scaling factor determined later by comparing the calculated results with experimental data.
We estimate the average excitation energies in each fragment, E l and E h , with the anisothermal model 16, 34, 35 that is characterized by an anisothermal parameter R T defined as the ratio of effective temperatures in the fission fragments
where a(U ) is the shell-effect corrected level density parameter at the excitation energy of U . In reality, TKE in Eq. (3) could have a distribution characterized by the width δ TKE , which is empirically known to be about 8-10 MeV 36, 37 . This width propagates to the width of TXE through δ TXE = δ TKE , then perturbs the excitation energies of two fragments. Assuming Gaussian for the TXE distribution, each fragment has an excitation energy distribution having the width of
hence
By creating an initial population We adopt the generalized Lorentzian form of Kopecky and Uhl 43 for the E1 transition with the giant dipole resonance parameter systematics of Herman et al. 44 . The higher multipolarities such as the M1 spin-flip mode and E2 take the standard Lorentzian form with the parameter systematics in RIPL-3 42 . In addition to the standard prescription of the γ-ray strength functions, we also consider the M1 scissors mode 45 .
A probability of the number of emitted neutrons P (ν) can be determined by summing the ground and metastable state production probabilities of residuals, P Z,A (ν), where Z, A are for the fission fragment, n is the number of emitted neutrons.
are calculated separately, and the neutron multiplicity distribution P (ν) is calculated by convoluting them;
where c is a normalization constant to satisfy ν P ( ν) = 1. Equation (11) provides an alternative method to calculate ν, which reads
3. Model Parameter Determination
Determination of the Gaussian parameters
We determine the five-Gaussian parameters ∆ i , σ i , and
to the experimental data of Baba et al. 36 , Hambsch 37 , Pleasonton et al. 46 , , Simon et al. 47 ,
Straede et al. 48 , and Zeynalov et al. 49 for the thermal neutron induced fission on 235 U.
These experimental data are reported as the primary fission fragment yield.
Since the mass distribution is symmetric with respect to A m , relations like above the thermal energy are very limited, we estimate the energy dependence of the fiveGaussian parameters solely from the data of D'yachenko et al. 50 , anchoring the thermal point determined separately as aforementioned. The fitting is performed to the data up to the second chance fission threshold, so that there is no guarantee of extrapolation to the outside region. The fitted Gaussian parameters, to which we assumed a linear dependence on the neutron incident energy E n in MeV, are
while σ 2 = σ 4 and σ 3 are energy independent. The fractions of each Gaussian are given by [ Figure 2 about here.]
Determination of the TKE parameters
The energy dependece of TKE is estimated directly from experimental data. Madland 52 estimated a linear relationship between the neutron incident energy and TKE. We introduce an equation similar to Eq (3) in order to take into account a small non-linear tendency seen in the experimental data in the fast energy region 53, 54 , which reads [ Figure 3 about here.]
Determination of the model parameters in the Hauser-Feshbach calculation
The scaling factor f in Eq. (7) and the anisothermal parameter R T in Eq. (8) are the key ingredients that control the statistical decay of the fission fragments in the HF 3 D model. In our previous study 16 , we adopted R T = 1.3 and f = 3.0, which were roughly estimated. We need to revisit these parameters, since some model inputs such as the Gaussian parameters were revised. These parameters should be determined such that the calculated quantities from the primary fission fragment generated with the five Gaussians are consistent with many fission observables, which provides higher confidence in the calculated Y I (Z, A).
We discretize the anisothermal parameter R T and the scaling factor f within some parameter ranges that are physically sound, and study their impact on some fission observables, ν, ν(A), P (ν), and Y I (A). Unfortunately the experimental data are too uncertain and prevent us to perform a least-squares fit. However, we were still able to estimate reasonable values for these parameters.
For the neutron emission multiplicity distribution P (ν), there are several experimental data [56] [57] [58] [59] available to compare with our calculation. We confirmed that R T modestly exerts influence upon P (ν), while it has a visible sensitivity to the mass-dependent neutron multiplicities ν(A). We also noticed that the evaluated ν can be reproduced by adjusting the scaling factor f . When we increase the scaling factor f , the spin distribution R(J, Π) of Eq. (7) becomes wider, and the system will have more higher spin populations. Increase in the scaling factor f brings significant reduction in ν. The neutron emission is somewhat hindered due to a spin mismatch between the compound and daughter nuclei, and it results in an increase in the γ-ray emission. We estimated f = 3.0 by comparing the evaluated ν in JENDL-4 of 2.42 at the thermal energy. Figure 4 shows an example of calculated P (ν) by changing the scaling factor f while R T is fixed to 1.2, comparing with the experimental data [56] [57] [58] [59] . Based on this exercise together with the calculated value of ν, we adopted f = 3.0, which gives a relatively good agreement with the experimental data.
[ According to Eq. (8), more excitation energy is given to the light fragments when R T > 1, and the number of neutrons emitted from the light fragment increases. We noticed that a value of R T = 1.2 reproduces the experimental data most reasonably. The measurement of ν(A) could be very difficult in the whole fission product mass range, since the yield can be extremely small in some mass regions, and it obliges the measurement severe statistics. Because the deterministic method mitigates such a difficult condition, we emphasize that our calculated result is not just an estimation but prediction supported by consistent descriptions of several observables simultaneously.
[ [ Figure 6 about here.]
Results and Discussion
Calculated independent fission product yield
We compare our calculated independent yield with a limited number of experimental data. This is because the present HF 3 D model is more or less the proof of concept to demonstrate the feasibility of fully deterministic calculations for FPY. The calculated Y I (Z, A) for several fission products are compared with the experimental data of Rudstam et al. 61 in Fig. 7 [ Figure 7 about here.]
Energy dependent result
To confirm the estimated incident energy dependence in Y (A) and TKE in the HF 3 D model, we compare ν with the evaluated values at energies above thermal. ν tells us information on an energy balance amongst the total fission energy, TKE, the kinetic energy of evaporated neutrons, and the emitted γ-rays. We assume that the anisothermal parameter R T = 1.2 and the scaling factor f = 3.0 determined at the thermal energy do not change, at least up to the second chance fission threshold. The calculated ν is shown in [ Figure 9 about here.]
Evaluation of Isomeric Ratio
Radiochemical determination of independent yield ratios of isomers of known spins for 235 U(n,f) has been conducted for some of major fission products, e.g. 65 . The reported partial yields of ground and isomeric states were determined by the cumulative yield after correcting the precursor contributions. The isomeric ratio is defined as
where Y g and Y m are the partial yield of ground and isomeric states in a specific nuclide.
Because measurements of the isomeric ratios for all the fission products often encounter technical difficulties, theoretical predictions are essential for evaluating the nuclear data files. A model widely used for evaluating the isomeric ratio data was first proposed by Madland and England 14, 15 . In the Madland-England (ME) model the average angular momentum of the initial fission fragment is considered as a model parameter. The spin distribution of the fragments after prompt neutron emission is
where P 0 is the normalization constant, J rms ≡ J 2 characterizes the angular momentum of an initial fragment. As given in Eq. (21), the fission fragments are assumed to be formed with a density distribution P (J) of the total angular momentum J, which is parameterized by J rms . The parameter J rms is assumed to be constant for all fission fragment masses in the neutron induced fission, whereas J rms varies with incident neutron energy. The model adopted J rms = 7.5 for the thermal neutron induced fission for all the fission fragments.
The model gives IR or the branching ratio (Y m /Y g ) for eight different cases, whether the fission product mass number is even or odd, whether the spin difference between the metastable (J m ) and ground state (J g ) | J m − J g | is even or odd, and whether J m is greater or less than J g . Since predicted isomeric ratio by this model depends on J m/g and A only, all the nuclides having the same J m/g and even/odd A will have the same isomeric ratio. For example, the ME model gives the same isomeric ratio of IR = 0.707 for both 133 Xe and 135 Xe, nevertheless the experimental data 66 indicate they differ. In addition, due to the inherent simplification in the model, the accuracy of the estimated branching ratio could be limited, particularly when J m is very high compared to J g , or there are other possible metastable states. When a nuclide has more than one metastable state, the definition of IR must be corrected as
We performed the HF 3 D model calculation for many primary fission fragments, and searched for all the levels in RIPL-3 42 whose half-life is longer than 1 ms. This definition could be somewhat shorter than the half-life of commonly known metastable states. We paid special attention to include some high-lying metastable states. If its excitation energy is higher than the known level up to which RIPL-3 says there is no missing level, we postulates several levels between these states according to the CoH 3 level density and spin-parity distributions to fill the gap. Figure 10 shows the ratio of calculated IRs with the ME model (JENDL/FPY-2011) to those with HF 3 D, plotted against Z 2 /A. The mean value of the ratio 2.75 ± 4.90 indicates a clear disagreement between the ME and HF 3 D models, and the ME model tends to overestimate IR.
[ Figure 10 about here.]
The disagreement is also evident in Figure 11 , where IRs for each individual independent fission product, whose yield is more than 10 [ Figure 11 about here.]
One of the interesting features in our model is that we find two isomeric states in 
and
independently. This is why our calculation looks lower than the experimental data. In fact our calculated (
fairly well with the experimental data.
Besides 134 I and 136 I, the ME model better agrees with the experimental data than our model. We examined if some even/odd effects in the spin and mass number reveal systematic features in the ME prediction. However no prominent rule was found.
In the case of 128,130 Sb, where Jg is higher than J m , our model predicts IR pretty reasonably. That said, our calculation misses the experimental data of 136 I, where the difference in J g and J m is relatively large. At this moment we have no simple explanation of why our prediction fails in some cases, although there are not so many. Missing high spin levels in the RIPL data file can cause such discrepancies and thus it requres the better nuclear structure data.
The energy dependence of IR for is confirmed. It is revealed that IR is insensitive to the incident neutron energy in general. In Figure 12 , 100 Y and 138 Cs are chosen as examples. While the fractional independent yield of ground and metastable states change slightly as the incident neutron energy incereases, the IRs remain constant.
[ Figure 12 about here.]
Conclusion
We developed a new method to calculate the independent fission product yield Y I (Z, A) and the isomeric ratio IR by applying the statistical Hauser-Feshbach theory to the decay process ofthe primary fission fragment pairs for 235 U(n th ,f), where about 1,000 nuclides are involved. Instead of employing the Monte Carlo sampling technique that was commonly used in the past, our model, called HF 3 D, is based on the fully deterministic technique. The input data, e.g. the mass distribution of the primary fission fragment and the fragment kinetic energy were determined by fitting analytical functions to the available experimental data, the charge distribution was generated by the Z p model, and the incident neutron energy dependence was also determined according to the experimental data. Besides these inputs, we adjusted the scale factor f in the spin distribution and the anisothermal parameter R T , which define the initial configuration of the fission fragments, to reproduce some observables in fission, such as the average prompt neutron multiplicity ν, its mass dependence ν(A), and the neutron emission multiplicity distribution P (ν).
Beginning with the initial configuration characterized by the primary fission fragment pair, the total kinetic energy, the excitation energy, and the initial spin and parity distributions, we calculated the neutron evaporation both from the light and heavy fragments of 235 U(n,f). We demonstrated that the anisothermal parameter R T is sensitive to ν(A),
while the initial distribution controlled by the scale factor f impacts on P (ν). Once these parameters were tuned, we showed that the calculated post-neutron mass distribution In addition to Y I (Z, A), the model also provides the IR for the nuclides having any short-lived or long-lived isomeric states. We observed that IRs predicted by the MadlandEngland model 14, 15 tend to be larger than our calculation.
Optimizing our model input parameters on the thermal neutron data, we extrapolated the model calculations up to 5 MeV, where only the first chance fission takes place.
Generally speaking IRs are insensitive to the incident neutron energy.
As a final remark, by connecting the HF 3 D method with the decay data library, we will be able to predict the cumulative fission product yield as well as the mass chain yield, for which abundant experimental data are accessible. This would be a powerful tool to evaluate the independent and cumulative fission product yield data simultaneously and consistently in the energy-dependent manner, and obviously be our next stride.
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